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We suggest a conformally invariant generalization of string theory toi higher-dimensional objects. As such a model,
we consider a conformally invariant σ model. For this theory, the Hamiltonian formalism is constructed, and the full
set of constraints is found. The equations obtained are studied under a fixed gauge. It is shown that special cases of
the model are string theory and Einstein’s theory of gravity. Cosmological application of the suggested theory are
studied. It is shown that Friedmann-like models can be described in this framework. Our models make it possible
to interpret the Universe evolution as evolution of three-dimensional objects embedded in a higher-dimensional flat
space-time.
1 A conformally invariant gen-
eralization of string theory to
higher-dimensional objects
The remarkable achievements of string and superstring
theories are well known: evaluation of the space-time
dimension, fixing a particular gauge group, inclusion of
gravity into a unified scheme etc. [1]. These achieve-
ments stimulate an interest in studies of geometric
objects of higher dimension, such as membranes or
p-branes. It is known, however, that [5] in standard
membrane theories the absence of conformal invari-
ance precludes the usage of string-theoretical methods.
For instance, the requirement that conformal invariance
should be preserved at the quantum level leads, in string
theory, to fixing the space-time dimension [2]. There
are also other arguments [3] in favour of the require-
ment that a physical field theory should be conformally
invariant, at least at the classical level.
On this basis, we have previouly suggested a confor-
mally invariant generalization of string theory to higher-
dimensional objects [4]. This paper, aimed at further
realization of this approach, is devoted to obtaining and
investigation of Hamiltonian equations and constraint
equations of the theory under consideration. This idea
was originally suggested as a quantum theory by anal-
ogy with string theory. However, a further analysis has
shown the necessity of an initial classical analysis of
this theory. It has turned out that even the classical
level of the theory contains results of interest related to
gravitation theory and p-brane theory. The action that
serves as a basis for the suggested theory, being a gener-
alization of string and p-brane theory, is simultaneously
a certain generalization of Einstein’s general relativity.
We suggest that general relativity should be considered
as a special case of a conformally invariant sigma model,
appearing as a result of conformal symmetry violation.
This paper is devoted to foundation and analysis of
the above ideas in the classical case.
The recent development of multidimensional theo-
ries have been, to a large extent, related to the so-called
branes. In this theory [6–9], the observable Universe is
considered as a surface (brane) embedded in a higher-
dimensional space-time. It is hoped that this approach
can lead to a success in solving the fundamental prob-
lem of the hierarchy of physical coupling constants and
the cosmological constant problem. The hierarchy prob-
lem lies in the existence of a huge difference between the
elecroweak energy scale of about 1 TeV and the gravi-
tational energy scale of the order of 1019 GeV. Besides,
the energy density related to the cosmological constant
should be about 120 orders of magnitude smaller than
the possible energy density values for the known models
of quantum theory of the weak and strong interactions.
In the theory suggested, the gravitational constant
is related to the dynamic characteristics of the model,
and it is obtained in multidimensional space-time due
to localization of solutions to nonlinear equations, by
analogy with the Higgs effect in gauge field theory.
1.1 The Lagrangian approach
The action for a membrane (or p-brane) does not ad-
mit conformal transformations, and these models do not
possess a natural candidate for the role of an anoma-
lous symmetry like conformal symmetry in string the-
ory. To circumvent this difficulty without abandoning
the string-theoretical ideology, we suggest the following
generalization of string theory:
S =
1
w
∫ {
−1
2
(∇νX,∇νX) + ξ˜
n
R (X,X)
+ Λ(X,X)ρ
}√−g dˆp+1σ, (1)
where we use the notations:
(X,X) = XAXBηAB,
(∇νX,∇νX) = ∇νXA∇µXBgνµηAB ,
ρ = (p+ 1)/(p− 1).
In the action (1), the functions XA = XA(σµ), with
A, B = 1, 2, . . . , D; µ, ν = 0, 1, . . . , p , map the n =
2p + 1-dimensional manifold Π, described by the met-
ric gµν , into D -dimensional space-time M with the
metric ηAB , where the space M is determined by the
Minkowski metric with the signature (−,+, . . . ,+).
However, it turns out that, in a detailed study, it is
more convenient to leave the signature of M arbitrary.
The flat space signature is here understood as the set
of signs of the elements along the main diagonal (+1
and −1) of the metric matrix. The quantity nR is the
scalar curvature of the manifold Π, the operator ∇ν
means a covariant derivative in the manifold Π, where
the Christoffel symbols are connected with the metric
in the standard manner. We will assume that the space
Π is parametrized by the coordinates σµ , where σ0 = t
is the temporal coordinate while the components σi
(i = 1, 2, . . . , p) describe a certain p-dimensional ob-
ject, to be designated as Γ. The quantities w , ξ˜ and Λ
are constants. The models like that with the action (1)
are also often called nonlinear σ models.
The action (1) is conformally invariant if
ξ˜ = ξ ≡ −p− 1
8p
. (2)
This invariance is expressed in the fact that the equa-
tions obtained by varying the action (1) with respect to
the fields gˆ and Xˆ are invariant under the local Weyl
scale changes
gµν 7→ e2φgµν , XA 7→ e4ξpφXA, (3)
for an arbitraryf φ = φ(σµ).
After varying the action (1), the field equations for
Xˆ and gˆ have the following form:
Y A ≡ XA + 2ξ nR XA + 2Λρ(X,X)ρ−1XA = 0,
(4)
Tαβ ≡ T 1αβ +
2ξ
w
[− nRαβ +1
2
n
R gαβ
+∇α∇β − gαβ](XX) = 0, (5)
where
T 1αβ =
1
w
[(∇αX,∇βX) + L1gαβ] (6)
are the terms appearing due to variation of the La-
grangian density
L1 = − 1
2w
gµν(∇µX,∇νX) + 1
w
Λ(X,X)ρ. (7)
If the action is supplemented by Lagrange functions
of other matter fields, then Eq. (5) is replaced by the
equation
Tαβ + T
e
αβ = 0, (8)
where T eαβ is the energy-momentum tensor of the other
fields. In case (X,X) = const, as follows from (8) and
(5), the equations are similar to Einstein’s, with the
canonical energy-momentum tensor T 1αβ and the effec-
tive gravitational constant
Ge = − w0
16πξ(X,X)
, w =
w0
16π
. (9)
Let us point out the important fact that for strings
(p = 1) the general solution to Eqs. (5) has the form
Bgµν = (∇µX,∇νX), µ, ν = 0, p, (10)
where B is an arbitrary function. Thus the original
metric gµν is connected by a conformal transformation
with the induced metric (∇µX,∇νX). Unfortunately,
in the general case p > 1, for Eqs. (4)–(5), the solution
(10) is not a general solution. The problem of connection
between the metric of the manifold Πg with the metric
induced by the solutions XA = XA(σµ), as well as that
of a physical interpretation of this connection, have not
been solved for an arbitrary dimension.
In what follows, we will consider some special solu-
tions to Eqs. (4)–(8), being of interest for physics.
1.2 Hamiltonian formalism
To pass over to the Hamiltonian formalism, we make,
in the action (1), a (p + 1)-partition. Employing the
results of Refs. [16,17], we introduce the parameters N
and Ni , the “lapse” or “shift” functions, and the metric
functions of the p-dimensional geometry hij , where i =
1, p :
g00 = NsN
s −N2, g0i = Ni,
gij = hij ,
√−g = N
√
h.
Then, taking into account the results of Ref. [16], we
can present the scalar curvature in the form
n
R= R− (Sp Kˆ)2 + Sp(Kˆ2)
− 2
N
√
h
∂α[N
√
h(nα Sp Kˆ +∇βnα)]. (11)
Here R is the scalar curvature calculated for the metric
hij , a
α = ∇βnαnβ is the (p+1)-dimensional acceler-
ation of an observer moving along a timelike normal ~n
to consecutive sections. The space-time Π is assumed
to be foliated into a one-parameter family of spacelike
hypersurfaces with the parameter t . The quantity Kˆ is
the extrinsic curvature tensor of the spacelike sections:
nα = {−N, 0} , (~n · ~n) = −1, (12)
Sp Kˆ = hijKij , Sp Kˆ
2 = KijK
ij ,
Kij =
1
2N
(DiNJ +DjNi − ∂thij), (13)
where Di is a covariant derivative calculated with the
metric hij .
Let us now pass over to a description in terms of the
phase-space variables, i.e., the generalized coordinates
and momenta:
{qI} = {XA, hlk, N,Ni}, {pI} = {PA,Πlk, pN , pNi},
where
pI =
δL
δ(∂tqI)
, (14)
3where L is the Lagrangian corresponding to the action
(1). We obtain as a result:
P =
√
h
Nw
[X˙ −N iDiX + 4ξXN Sp Kˆ],
Πlk = ξ
√
h
w
[
(X,X)(Sp Kˆ · hlk −K lk)
− 1
N
hlk(∂t(X,X)−N iDi(X,X))
]
, (15)
the remaining momenta are zero. In the conformal
transformations (3), the phase variables are transformed
as follows:
hlk 7→ e2φhlk , X 7→ e4ξpφX , N 7→ eφN,
Ni 7→ eφNi, P 7→ e−4ξpφP, Πlk 7→ e−2φΠlk.
(16)
As follows from (16), there is a constraint between
P and Πlk . This constraint may be written as
M ≡ 2 Sp Πˆ + 4ξp(P,X) = 0. (17)
Integrating by parts and rejecting terms with a full di-
vergence, one can write the action (1) in terms of the
canonical variables as
S =
∫
[h˙lkΠ
lk + (P, X˙)−NH0 −NiHi
− λMM − ∂iQi]dˆp+1σ, (18)
where
H0 ≡ w
ξ
√
h(X,X)
[Sp(ΠˆΠˆ)− 1
p
(SP Πˆ)2] +
w
2
√
h
P 2
+
√
h
w
[
−ξ(X,X)R+ 1
2
(DsX,D
sX)
+ 2ξ∆(X,X)− Λ(X,X)ρ
]
, (19)
H l ≡ (P,DlX)− 2DsΠsl, (20)
Qi =
2
√
hξ
w
[(X,X)DiN −NDi(X,X)]
+ 2NkΠ
ki +
N i
4
[
1
ξp
Sp Πˆ +
1
wN
E
]
. (21)
Here we have used the notations
E = ∂t(X,X)−NsDs(X,X), (22)
∆ = hlkDlDk and (DsX,D
sX) = (DiX,DjX)h
ij .
The function λM is arbitrary. This is related to the
impossibility of resolving the velocity λE = ∂t(X,X) in
terms of the momenta. It can be shown that
pE ≡ δL
δλE
=
M
8ξp(X,X)
.
The constraint (17) has appeared because of the invari-
ance of the theory with respect to(16). To take this fact
into account explicitly, let us transform the integrand in
(18) according to (16) for φ = ψ and introduce the field
ψ . Then the expression (18) takes the form
S =
∫
[h˙lkΠ
lk + (P, X˙)−NH0 −NiHi
− (λM − ψ˙ +NsDsψ)M − ∂iQ˜i]dˆp+1σ. (23)
That is, we could use, instead of λM , the field ψ(σ).
The corresponding momentum is pψ = M . The diver-
gence term in Eq. (23) does not affect the equations of
motion but affects the boundary conditions. After the
transformations (16), the quantities Qi turn into Q˜i ,
where
Q˜i = Qi + (X,X)
√
h
w
×
[
2ξpNDiψ +
ξpN i
N
(ψ˙ −NsDψ)
]
. (24)
The latter expression implies that, taking into account
the boundary effects, we shall obtain certain boundary
conditions applied to the function ψ , violating the in-
variance of the theory with respect to (16). It is proba-
bly reasonable to omit the divergence term (24) from the
action, replacing the original Lagrangian density with
L+ ∂iQ
i . An argument in favour of such a replacement
is that for (X,X) = const and X i = const, the action
acquires the Einstein form. In the construction of the
Hamiltonian formalism for Einstein’s theory, such terms
are omitted [17].
The conditions that the primary constraints are con-
served in time,
Φ
(1)
I : pµ ≡ {pN , pNi} = 0, pψ −M = 0, (25)
with the Hamiltonian constructed in the standard way
[17],
H = ∂iQ
i +NH0 +NsH
s + λ0M (26)
and the extended Hamiltonian
H1 = H + λIΦ
(1)
I ,
do not allow one to determine the functions λI , but
there emerge secondary constraints:
Φ
(2)
I : H
v ≡ { H0, H l,M } = 0. (27)
Consider the conservation conditions for the con-
straints (27). To do so, it is necessary to calculate the
Poisson brackets:
[ΦK ,ΦJ ] ≡ δΦK
δqI
δΦJ
δpI
− δΦK
δpI
δΦJ
δqI
.
After cumbersome calculations, it can be shown that if
the appearing divergence terms, leading to surface in-
tegrals, vanish, then the constraint conservation condi-
tions do not allow determining the functions λI and do
not lead to new constraints. All constraints are thus
first-class constraints.
4The equations of motion q˙ = [q,H ] have the follow-
ing form:
X˙ =
Nw√
h
P +NsDsX + 4ξpλMX, (28)
h˙lk =
2wN
ξ
√
h(X,X)
[
Πlk − 1
p
(SpΠ)hlk
]
+D(lNk) + 2λMhlk, (29)
P˙ =
2wN
ξ
√
h(X,X)2
[
Sp(ΠˆΠˆ)− 1
p
(Sp Πˆ)2
]
X
+
2ξ
√
h
w
[RN − 2∆N ]X +
√
h
w
(N∆X +DsNDsX)
+
2ρN
√
h
w
Λ(X,X)ρ−1X +Ds(N
sP )− 4ξpλMP,
(30)
Π˙lk = − 2wN
ξ
√
h(X,X)
[
ΠlmΠ
mk − 1
p
Sp(Πˆ)Πlk
]
+
N√
h
hlk
{
w
ξ(X,X)
[Sp(ΠˆΠˆ)− 1
p
(Sp Πˆ)2] +
w
2
P 2
}
+
ξ
√
h
w
[ NDlDk(X,X)−NRlk + (X,X)DlDkN
− hlk( (X,X)∆N +Ds(X,X)DsN ) ]
+
N
√
h
2w
(DlX,DkX)− clk + 1
2
PN (lDk)X
− 2λMΠlk − Nw
2
√
h(X,X)
hlkH0, (31)
where
clk =
√
hDs
(
1√
h
(N (lΠk)s −NsΠlk )
)
In what follows, we will put the constant w equal to
unity. If, instead of the indefinite coefficient λM , we in-
troduce the field ψ , we should make the following sub-
stitution in the equations of motion:
λM = λ0 − ψ˙ + ψsNs, (32)
where λ0 is an arbitrary function of the phase variables.
This function may be chosen to be equal to zero, which
simply re-defines the function ψ . Then, using the sub-
stitutions
hlk = e
−2ψh¯lk, X = e
−4ξpψX¯, N = e−ψN¯ ,
Ni = e
−ψN¯i, P = e
4ξpψP¯ , Πlk = e2ψΠ¯lk,
(33)
one can exclude the field ψ from Eqs. (28)–(31) and
pass over to the conformally invariant canonical vari-
ables {q¯I , p¯I} , which is equivalent to putting λM = 0
in the equations. However, for studying different gauge
conditions, it is more convenient to preserve the arbi-
trariness in choosing the function λ . To impose the
canonical gauge, it is necessary to impose 2p + 4 sup-
plementary conditions, according to the number of first-
class constraints. We will consider as such constraints
the class of additional conditions ΦG of the form
N = N˜ , Nl = N˜l, λ = 0,
χµ = 0, F = 0, (34)
where χµ are p+1 functions of the phase variables hlk
and XA , while F is a function of the phase variables
hlk, X
A, P, Πlk . These functions are chosen in such
a way that det[Φˆ, Φˆ] 6= 0, where Φˆ = {Φ,ΦG} . Let us
denote Hv = {H0, H l,M} and χu = {χµ, F} , then, in
the case under consideration,
det[Φˆ, Φˆ] = (det[Hv, χu])
2 ([λ, pψ])
2. (35)
A gauge, related to a choice of the function F , violates
the conformal symmetry and determines a “representa-
tive” from each class of conformally equivalent metrics.
To reach comprehension of the different kinds of gauge
conditions, let us consider some consequences of the con-
straint equations (27) and the equations of motion (28),
(31). Let us define the conformally invariant tensor Θlk
which is traceless on the surface of the constraints:
Θlk ≡ 2ξ
√
hN
[
DlDk(X,X)− hlk
p
∆(X,X)
− (X,X)(Rlk − hlk
p
R)
]
+ 2ξ
√
h
[
(X,X)(DlDkN − hlk
p
∆N)
]
+N
√
h
[
(DlX,DkX)− hlk
p
(DsX,D
sX)
]
+
hlk
p
H0. (36)
Then, using Eqs. (28) and (31) as well as the definitions
(19), (20) and (17), it is easy to prove the following
identity:
∂t
[
Πlk −
δlk
p
Πss
]
−Ds
[
Ns(Πlk −
δlk
p
Πss)
]
= F lk +
1
2
Θlk +
1
2
N (lHs)hsk − δ
l
k
p
NsHs, (37)
where
F lk = Π
l
sDkN
s −ΠskDsN l.
The latter equation is equivalent to Eq. (31) provided
the conditions (28)–(30) hold.
2 Induced gravity
Let us call the “partial embedding” condition the choice
of the supplementary conditions ΦG obtained from the
requirement
hlk = B(DlX,DkX), l, k = 1, p, (38)
where B is a certain function. Thus the metric hlk ,
entering into the original action, is connected with the
induced metric (∇lX,∇kX) by a conformal mapping.
5In the string case, the general solution to the con-
straing equations has the form
Bgµν = (∇µX,∇νX), µ, ν = 0, p, (39)
where B is an arbitrary function. This solution follows
from (36) and (37) if one puts the momenta Πlk and the
parameter ξ equal to zero. For an arbitrary dimension,
Eq. (39) (for B = 1) determines the condition of full
embedding of the mainfold Π into the space-time M .
This equation, written in the p+1-partition formalism,
is equivalent to Eq. (38) and the equations
(X˙, X˙) = B(NsN
s −N2),
(DlX, X˙) = BNl, B ≡ (DlX,DlX)/p = 1. (40)
Thus we can consider two kinds of solutions corre-
sponding to “partial” or full embedding. In the first
case, the validity of Eq. (38) (for B = 1), as well as
for strings, would permit one to interpret the fields XA
as the conventional coordinates of a d-object Γ in the
space-time M . In other words, this means that, from
each class Γ of conformally equivalent manifolds, it is
possible to choose at least one “representative” Γ0 , such
that the functions XA perform embedding of Γ0 into
the surrounding space M . Here, conformally equiva-
lent manifolds are understood as manifolds whose met-
rics are connected with the reparametrization invariance
and the conformal invariance (16).
An invalidity of the relations (40), if (38) is valid,
leads to some difficulties in the physical interpretation.
If, by analogy with string theory, the space-time M is
considered as physical space-time, then the coincidence
between the original metric hlk and the induced metric
(DlX,DkX) makes the theory transparent, making it
possible to interpret the solutions XA = XA(t, σ) as an
embedding of a p-dimensional object Γ into the physi-
cal space-time M . However, a non-coincidence between
the “lapse” or “shift” functions of the original manifold
Π and the p+ 1-dimensional “world history” mainfold
of the object Γ poses a question on the physical mean-
ing of the original functions N and Ni . To answer this
question, one can try to invoke the ideas of the Kaluza-
Klein theory. We, however, put forward a conjecture
according to which it is possible, at the expense of a
choice of the corresponding reference frame and confor-
mal gauge, and maybe also the dimension D , to achieve
the validity of the conditions of full embedding of the
whole manifold Π into the space-time M . Eqs. (36)
and (37) determine p(p+1)2 − 1 = kp equations, while
the number of arbitrary functions, determining the con-
straints ΦG , is equal to 2p+4. It is necessary to specify
p + 2 functions N,Nl, λM . Besides, according to the
number of first-class conditions, we shoud impose p+ 2
supplementary conditions. One can try to impose the
latter relations by requiring the p + 2 conditions (40)
to be valid. As follows from Eqs. (36) and (37), to fulfil
the “partial embedding” conditions (38), the following
equations should hold:
∂t
[
Πlk −
δlk
p
Πss
]
−Ds
[
Ns(Πlk −
δlk
p
Πss)
]
− 1
2
F lk
= ξ
√
h
{
N
[
DlDk(X,X)− hlk
p
∆(X,X)
− (X,X)(Rlk − hlk
p
R)
]
+
[
(X,X)
(
DlDkN − hlk
p
∆N
)]}
. (41)
If Eq. (41) holds, then (38) follows from (36) and (37)
The p + 2 functions N, Nl, λM should be chosen in
such a way that, due to this choice, Eqs. (41) hold. The
number of these functions for the dimensions p = 2 and
p = 3 is 4 and 5, respectively, while the number of
equations (41) (the number kp ) is 2 and 5, respectively.
This simple counting of the degrees of freedom shows
that, in the cases of interest p = 2 and p = 3, it is
possible to choose a full embedding gauge.
In the most general case, it can be proved that, to
satisfy the full embedding conditions (39) (for B = 1),
it is necessary that the following equations hold:
[ξ
n
R +ρ(X,X)
ρ−1Λ]∂µ(X,X) = 0, (42)
where µ = 0, p . The simplest proof can be performed
with the aid of the generally covariant equations (4).
They are equivalent to the Hamiltonian equations (28)–
(30). Acting with the covariant derivative ∇γ on the
relation (39) and contracting different pairs of indices,
we obtain the equations
(∇νX,X) + (∇µX,∇µ∇νX) = ∇νB, (43)
2(∇µX,∇µ∇γX) = ∇γB(p+ 1), (44)
where µ, ν, γ = 0, p .
From the latter equations combined with (4), we ob-
tain Eq. (42). In the derivation, we taking into account
the covariant constancy of the metric tensor gµν and
that B = 1. Thus, as follows from (42), we can use two
kinds of supplementary gauge conditions agreeing with
the full embedding condition:
(1) F ≡ (X,X)− C = 0, C = const; (45)
(2) F ≡ ξ nR +ρ(X,X)ρ−1Λ = 0. (46)
As follows from (5) and (45), in the first case the con-
straint equations are similar to Einstein’s equations with
the canonical energy-momentum tensor (6) and the ef-
fective gravitational constant (9). For the second case,
one cannot exclude solutions in which Ge is variable and
coordinate-dependent.
2.1 Model theory
The equations obtained, like Einstein’s equations, are
strongly nonlinear and cannot be solved in a general
form. However, the existing additional conformal sym-
metry simplifies the search for solutions of these equa-
tions. In this section, we simplify the equations obtained
by restricting the class of metrics under consideration.
Paying more attention to the dimension n = 4, let us
6consider a model problem with the metric tensor hlk
chosen in the form
hlk = b
2ωlk, (47)
where b2 = b2(t, σ) is an arbitrary function and ωlk is
some fixed metric. It will be essential for what follows
that the functions ωlk are time-independent: ω˙lk = 0.
In the two-dimensional case, the following relations al-
ways hold:
ω
Rlk −
ω
R
p
ωlk = 0. (48)
The index ω means that the corresponding quanti-
ties are calculated for the metric coefficients ωlk . For
instance, ωlk may be chosen to be the metric of a
constant-curvature space. Then,
ω
Rlk = k0(p− 1)ωlk = −8ξk0pωlk, (49)
k0 = {0, 1,−1} for surfaces of zero, positive and negat-
ice curvature, respectively.
Here and henceforth, we leave the dimension arbi-
trary, considering simultaneously two-dimensional Γ ob-
jects and objects of an arbitrary dimension, however, for
the latter we restrict ourselves to spaces which are con-
formal to constant-curvature spaces.
2.2 The “conformal time” gauge
Let us impose the following conditions on the “lapse”
and “shift” functions:
N2 = b2, Ni = 0. (50)
After taking the trace of Eq. (29), it follows:
λM =
b˙
b
= −ψ˙ =⇒ Πlk = 1
p
(SpΠ)hlk. (51)
With the constraint M = 0, we obtain
Πlk = −2ξ(P,X)hlk. (52)
Consider the gauge condition (45)
(X,X)− C = 0, C = const 6= 0. (53)
Then, substituting X = gb4ξp , from (28) and (30)
we obtain the equations for the field gA components:
g¨− ω∆ g − 2ξg
ω
R= 2ρΛC
ρ−1b2g. (54)
The constraint equations H0 = 0 and Hl = 0 may
be brought to the form
(X˙, X˙) = −(4ξpλM )2C
+ b2(2ξCR + 2ΛCρ −Bd), (55)
(X˙,DlX) = 16ξ
2pCDl(
λM
N
). (56)
Eqs. (41) are reduced to the following ones:
8ξpC
(
−DlDkψ +DlψDkψ − hlk
p
(−∆ψ +DsψDsψ)
)
+ C(
ω
Rlk −ωlk
p
ω
R) = 0. (57)
Using (55), (56) and the consequence of Eq. (53)
(X˙, X˙) = −(X¨,X),
we obtain an equation for finding the conformal factor:
ψ¨ + 4ξpψ˙2 − 1
2p
b2
(
R+ 2∆ψ
− 2DsψDsψ − 2(p+ 1)q
)
= 0. (58)
The scalar curvature may be expressed in terms of
the function ψ :
R =
ω
R b
−2 + 8ξp [−2∆ψ − (p− 2)ψsψs ]. (59)
If one requires that the first and the second relations
of the condition (40) hold, this leads to the equations
− 8ξp2ψ˙2 + b2(R + 16ξpq) = 0, (60)
Dlψ˙ = −ψ˙Dlψ, (61)
where
q =
1
4ξC
(
B + ΛCρ
1
4ξp
)
.
It can be shown that (58) is a differential consequence
of (60) and (61). Then Eq. (58) can be brought to the
form
pψ¨ + b2(−2q +∆ψ −DsψDsψ) = 0, (62)
or, in terms of the metric ω ,
pψ¨ +−2qb2+ ω∆ ψ + 8ξpDs˜ψDs˜ψ = 0, (63)
Thus the function ψ is found by solving Eqs. (60), (61)
and (57).
Then the functions XA are determined by Eq. (54).
If we write Eq. (54) directly in terms of the variables
XA , we obtain a linear equation with respect to XA .
This equation, with (58), may be written as
X¨ − 8ξpψ˙X˙− ω∆ X + 8ξpDs˜XDs˜ψ − p+ 1
C
b2X = 0.
(64)
Solutions of the latter equations should satisfy the re-
maining constraint equations which have the form
(X˙, X˙) = −b2, (X,X) = C, (65)
(X˙,DlX) = 0. (DkX,DlX) = hkl. (66)
Let us present some special solutions to the equa-
tions obtained for the case of conformally flat manifolds.
Let us first consider a flat p-dimensional model:
ω
R= 0.
7Let the metric matrix (ωlk) be a unit matrix. A solution
to Eqs. (60), (61) and (57) has the form
b−2 ≡ e2ψ =
[
u0
2
((r2 − t2) +mt+ niσi + l0)
]2
, (67)
where
r2 =
p∑
i=1
(σi)2,
u0, m, ni, l0 being integration constants satisfying the
condition m2 +2u0l0− nini = 2q/p . Here t is the time
coordinate, and the p-dimensional coordinates may be
interpreted as the conventional Cartesian coordinates.
It can be verified by a direct inspection that the func-
tions f0 = a0ψ˙ and fl = alDlψ (where a0, al = const)
are special solutions to Eq. (54). Using this, let us build
solutions which also satisfy Eqs. (65)–(66). Probably,
there can be many such solutions. But we will here seek
solutions with a minimal set of fields XA . With this
approach, we consider solutions which describe an em-
bedding of the manifold Π into the 5-dimensional space
M . Calculations show that the solutions linear in the
functions f0 and fl satisfy Eqs. (65)–(66) with the fol-
lowing values of the constants:
q =
p
2C
=⇒ Cρ = (p− 1)(p+ 3)
8Λ
, (68)
a20 = a
2
l =
1
u20
= Cc0, (69)
where c0 = 2l0/u0 . Without losing generality in the
solution (67), we put m = ni = 0, which simply cor-
responds to a parallel transport. Then the scale factor
(67) is rewritten in the form
b2 =
4a20
(r2 − t2 + c0)2 . (70)
(69) it follows that all solutions split into two types:
(1) C > 0, c0 > 0;
(2) C < 0, c0 < 0.
To embed the manifold Π into M , it turns out to be
convenient (see [18]) that, for the second type of solu-
tions, the metric signature in M be (−,+,+,+,−). For
the first type it should be (−,+,+,+,+). If we define
|c0| = g20 , then the solution have the following form:
X0 = t
√
C
2g0
t2 − r2 − g20
,
X l = σl
√
C
2g0
t2 − r2 − g20
,
X4 =
√
C
t2 − r2 + g20
t2 − r2 − g20
(71)
for the first type and
X0 = t
√
|C| 2g0
t2 − r2 + g20)
,
X l = σl
√
|C| 2g0
t2 − r2 + g20
,
X4 =
√
|C| t
2 − r2 − g20
t2 − r2 + g20
(72)
for the second type.
To study the global properties of the manifold, let
us study its boundaries. For the second type of solu-
tions, consider a range Wo specified by the following
constraints on the coordinate variables:
−|g0| ≤ (t+r) ≥ |g0|, −|g0| ≤ (t−r) ≥ |g0|. (73)
Let us introduce the new coordinate (η, χ) instead of
(t, r):
t+ r = g0 tanh
(
1
2
(η + χ)
)
,
t− r = g0 tanh
(
1
2
(η − χ)
)
. (74)
In the new coordinates, using a conformal transforma-
tion, the metric may be brought to a form exactly coin-
ciding with the open anti-de Sitter space metric
ds2 = a2(η)[dη2 − (dχ)2 −K(χ)dΩ2], (75)
where
a2(η) =
C
cosh2 η
, K(χ) = sinh2 χ,
and dΩ2 is the metric form of a (p − 1)-sphere of unit
radius, expressed in spherical coordinates.
In a similar way, for the first type of solutions, the
whole range Wcl : −∞ < t < +∞, −∞ < r < +∞
may be mapped into a part of the compact (closed) de
Sitter space.
To this end, we introduce new coordinates by the
relations
t+ r = g0 tan
(
1
2
(η + η0 + χ)
)
,
t− r = g0 tan
(
1
2
(η + η0 − χ)
)
, (76)
with η0 = const. The metric has the form (75), where
a2(η) =
C
cos2 (η + η0)
, K(χ) = sin2 χ, (77)
The functions XA are scalars with respect to the
above coordinate transformations and may be rewritten
in the new coordinates. For instance, for de Sitter space,
X0 =
√
C tan (η+η0), X
a =
√
C
cos (η + η0)
ka, (78)
where ka are the embedding functions of a p-dimensional
sphere. For dimension p = 3, these functions are
k1 = sinχ sin θ cosφ, k2 = sinχ sin θ sinφ,
k3 = sinχ cos θ, k4 = cosχ. (79)
In this case, the metric form is
ds2 = a2(η)[dη2 − dχ2 − sin2 χ(dθ2 + sin2 θdφ2], (80)
which corresponds to the Robertson-Walker metric de-
scribing the Friedmann cosmological models.
The solutions for anti-de Sitter space are obtained
from the above equations if one makes there the follow-
ing substitution:
sinχ 7→ sinhχ, cosχ 7→ coshχ, cos η 7→ cosh η.
82.3 Induced gravity as a result of a spon-
taneous violation of the conformal
invariance
In addition to considering different gauge conditions, let
us note that the field equations and constraint equations
may also be studiedly the canonical gauge. To do so, us-
ing the substitution X = b4ξpg , without imposing the
supplementary condition (53), one can entirely exclude
the field λM in the Hamiltonian equations if the condi-
tion (50) is valid. In this case, the following equations
are obtained:
g¨ =
ω
∆ g + 2ξg
ω
R +2ρΛgZ
ρ−1, Z ≡ (g, g), (81)
1
2ξ
[(Dlg,Dkg)−Bgωlk] +DlDkZ
− 1
p
ω
∆ Zωlk − [
ω
Rlk −1
p
ω
R ωlk]Z = 0, (82)
(g˙, g˙) +Bgp+ 4ξ
ω
∆ Z − 2ξZ
ω
R −2ΛZρ = 0,
Bg ≡ 1
p
ωlk(Dlg,Dkg), (83)
DlZ˙ +
1
2ξ
(g˙, Dlg) = 0. (84)
The latter two equations are equivalent to the constraint
equations H0 , Hl . As their consequence, we obtain an
equation for the function Z :
Z¨ = (1− 8ξ) ω∆ Z + 8ξZ
ω
R −1
ξ
ΛZρ − 4dBg. (85)
Eq. (41) has the form
DlDkZ − 1
p
ω
∆ Zωlk −
[
ω
Rlk −1
d
ω
R ωlk
]
Z = 0, (86)
We will seek special solutions to Eqs. (81)–(85) for
the dimension p = 3, when the metric ωlk is deter-
mined by the 3-dimensional part of the linear element
of an open-type Robertson-Walker space-time. We seek
solutions in the form
g0 = u0(η), g
a = u(η)ka(σi), a = 1, 2, 3, 4, (87)
and, doing so, we do not require that the full embedding
conditions (40) should hold. Then, for the functions
u0(η) and u(η) we obtain
u˙2 + 4ku2 − 8kΛ
∫
(u2 − ku20)udu− 2H = 0,
H = const, (88)
u˙20 + ku
2
0 − 8kΛ
∫
(u2 − ku20)u0du0 + 2H = 0. (89)
The last two equation with respect to the variables u0(η)
and u(η)) may be considered as a dynamic system with
the potential energy
U(u, u0) = −kΛu2(u2 + 2u20) + Λu40 + k(2u2 − u20/2)
and zero total energy. Integrating by parts and sum-
ming, we can obtain
u˙2 + u˙20 + 2U = 0.
A further study shows that the previously found solu-
tion, describing an open de Sitter space, is a stable ex-
ceptional solution to Eqs. (88)–(89). In the present for-
mulation, the following solution corresponds to the one
obtained above:
u =
r2
(cosh η)2
, u0 =
r2 tanh η
cosh η
, r2 =
√
3
2|Λ| . (90)
Using the terminology of the qualitative theory of
differential equations, the singular point u = 0, u0 = 0
is unstable. There are no other static points. Mean-
while, the solution (90), being a separatrix in the phase
space of the variables u0(η) and u(η), minimizes the
total energy.
From this point of view, it is of interest to invoke the
Higgs mechanism to obtain the constraints (38). The
fields XA , being coordinates of the space M , may play
the role of Higgs’ fields in Grand Unification models.
On the other hand, from the viewpoint of the Hamilto-
nian formalism considered above, solutions with a bro-
ken symmetry may be treated as a particular choice of
the gauge.
2.4 The hierarchy of coupling constants
As has been already noted above, we here obtain equa-
tions similar to the Einstein equations with an effec-
tive gravitational constant, see (9). Indeed, in case
(X,X) = C and if
gµν = (∇µX,∇νX), µ, ν = 0, p, (91)
Eqs. (8) take the form
Gαβ = 8πGeT
e
αβ + Λegαβ , (92)
where Ge is given by Eq. (9), while the cosmological
constant is
Λe = − 1
2ξC
(−1 + ΛC2). (93)
From the solution (68) and (93), we find that
Λ =
3
2C2
, Λe =
3
C
. (94)
In a closed model, the constant C satisfies the equa-
tion
−(X0)2 + (X1)2 + (X2)2 + (X3)2 + (X4)2 = C. (95)
Then
√
C characterizes the size of the observed part of
the Universe. In the solution (77) (for η0 = π/2), we
pass over to the proper time t and obtain:
a(t) =
√
C cosh(t/
√
C),
H ≡ a˙
a
=
√
C tanh(t/
√
C). (96)
9Suppose that the Hubble “constant” H ∼ (3·1017)−1c−1
(in the Planck units, ~ = 1 and c = 1) and that our
epoch corresponds to the time t ≃
√
C , then we obtain
the calue of C :
√
C ≃ 7.2 · 1027 cm ∼ 1028 cm. Substi-
tuting this value into (94), we find Λe ∼ 10−56 cm−2 ,
or, the same in energy units, Λe ∼ 10−46 GeV 4 . This
result confirms the existence of a nonzero cosmological
constant Λ, which is also in agreement with the obser-
vational data, see, e.g., Ref. [19].
Equating the expression (9) to 1/M2p ∼ 10−66 cm2 ,
we find that w0 ∼ 4 ·10−10cm4 . The parameter w0 also
corresponds to distances of the order lw = 4
√
w0 ∼ 0.05
mm. To explain the nature of the emerging scale, one
can invoke the Randall-Sundrum conjecture [6], where
the existence of extra dimensions (n > 4) is supposed,
with a sufficiently small size ( l < 0.2 mm) for being in
agreement with the experimental data.
In conclusion, let us note that if we consider the
action obtained from (1) by adding to it the Einstein
term (1/G)R , which violates the conformal invariance
of the equations, then there emerges the effective grav-
itational “constant” Ge = wG(w + 2ξG(X,X))
−1 . As
is shown in Ref. [14], this leads to an instability of cos-
mological solutions for Ge → 0. This result is one of
the arguments in favour of consideration of an intially
conformally invariant theory of gravity; this invariance
will then be probably violated due to quantum effects.
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